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LONG TIME BEHAVIOR OF SOLUTIONS TO THE 3D
HALL-MAGNETO-HYDRODYNAMICS SYSTEM WITH ONE
DIFFUSION
MIMI DAI AND HAN LIU
Abstract. This paper studies the asymptotic behavior of smooth solutions
to the generalized Hall-magneto-hydrodynamics system (1.1) with one single
diffusion on the whole space R3. We establish that, in the inviscid resistive
case, the energy }bptq}2
2
vanishes and }uptq}2
2
converges to a constant as time
tends to infinity provided the velocity is bounded in W 1´α,
3
α pR3q; in the
viscous non-resistive case, the energy }uptq}2
2
vanishes and }bptq}2
2
converges
to a constant provided the magnetic field is bounded in W 1´β,8pR3q. In
summary, one single diffusion, being as weak as p´∆qαb or p´∆qβu with small
enough α, β, is sufficient to prevent asymptotic energy oscillations for certain
smooth solutions to the system.
KEY WORDS: Hall-magneto-hydrodynamics; long time behavior; asymp-
totic energy oscillation; Fourier splitting technique.
CLASSIFICATION CODE: 35Q35, 35B40, 35Q85.
1. Introduction
In this paper we consider the three dimensional incompressible Hall-magneto-
hydrodynamics (Hall-MHD) system with fractional Laplacian:
ut ` u ¨∇u´ b ¨∇b`∇p “ ´νp´∆qβu,
bt ` u ¨∇b ´ b ¨∇u` η∇ˆ pp∇ ˆ bq ˆ bq “ ´µp´∆qαb,
∇ ¨ u “ 0,
(1.1)
with the initial conditions
(1.2) upx, 0q “ u0pxq, bpx, 0q “ b0pxq, ∇ ¨ u0 “ ∇ ¨ b0 “ 0,
where x P R3, t ě 0; the unknown functions u, p, b denote the fluid velocity, fluid
pressure and magnetic field, respectively. The constants ν, µ stand for the kinematic
viscosity coefficient of the fluid and the magnetic Reynolds number, respectively.
The Hall parameter η denotes the strength of magnetic reconnection, which takes
value either 1 or 0 in this paper. We point out that the magnetic field b will
remain divergence free for all the time if ∇ ¨ b0 “ 0, see [4]. When the parameters
α “ β “ η “ 1, the Hall term ∇ ˆ pp∇ ˆ bq ˆ bq describes the occurrence of
the magnetic reconnection when the magnetic shear is large, which makes (1.1)
different from the usual MHD system. The magnetic reconnection is a physical
process of topological reordering of magnetic field lines, in which magnetic energy
is transferred to kinetic energy, thermal energy and particle acceleration. In this
paper, we consider the generalized Hall-MHD system (1.1) with 0 ă α, β ď 1 and
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η “ 1. The readers are referred to [12, 13, 19] and references therein for more
physical background of the Hall-MHD system.
We will go over briefly the mathematical study on the Hall-MHD system (α “
β “ η “ 1) and some fundamental theory in the literature. Global existence of weak
solutions was established in [1] and [3, 11], on periodic domain and in the whole
space R3 respectively. Local well-posedness of classical solution was investigated
in [3]. Various blow-up criteria were obtained in [3, 4, 7]. Local well-posedness is
studied in [6] for the Hall-MHD system with fractional magnetic diffusion. In [5] the
authors established temporal decay estimates for weak solutions in the energy space
L2pR3q and for small initial data solutions in higher order Sobolev spaces by utilizing
the Fourier splitting technique introduced in [15, 16, 17, 18], and extensively applied
to study asymptotic behavior of solutions to various systems on the whole space
R
3, for instance see [8, 9, 10]. Specifically, provided the initial data pu0, b0q P`
L2pR3q X L1pR3q˘2, there exists a weak solution to system (1.1) with α “ β “ 1
which satisfies
(1.3) }uptq}22 ` }bptq}22 ď Cp1 ` tq´
3
2 .
Notice that for the Navier-Stokes equation, the energy }uptq}22 of a weak solution
decays with the same rate p1 ` tq´ 32 if the initial data u0 P L2pR3q X L1pR3q, see
[16]. In contrast, in [2] the authors studied the long time behavior of solutions to
the MHD system, that is (1.1) with α “ β “ 1 and η “ 0 (thus without the Hall
term ∇ ˆ pp∇ ˆ bq ˆ bq). In the viscous and resistive case µ, ν ą 0, it was shown
that any weak solution pu, bq to the MHD system with initial data in `L2pR3q˘2,
the total energy }uptq}22 ` }bptq}22 converges to zero without a rate as time tends to
infinity. The authors also analyzed that this decay estimate without rate is actually
optimal. One can expect that if we assume additionally that pu0, b0q is also in`
L1pR3q˘2, then the energy }uptq}22 ` }bptq}22 would decay with a rate p1 ` tq´ 32
which is the same as (1.3). It indicates that the presence of the Hall term in (1.1)
seems to make no difference for the energy decay estimates when we compare the
viscous resistive Hall-MHD and MHD systems. Another case considered in [2] was
when ν ą 0, µ “ 0, it was shown that if strong bounded solutions to the viscous
non-resistive MHD system exist, then the diffusion of the fluid velocity is enough
to prevent any asymptotic energy oscillations, thus }uptq}2 converges to zero and
}bptq}2 converges to a constant as tÑ8.
Inspired by the work of [2, 5], we are interested in studying the asymptotic
behavior of smooth solutions to the generalized Hall-MHD system (1.1) (η “ 1)
with solely one diffusion, that is, either the viscous non-resistive case ν ą 0, µ “ 0
or the inviscid resistive case ν “ 0, µ ą 0. The subjects of the investigation are
twofold: to explore the different or analogous large time behavior between solutions
of the Hall-MHD system and the MHD system; to examine how strong the one
diffusion is needed to prevent asymptotic energy oscillations. To carry out the
analysis, we split the energy into high and low frequency parts and estimate them
separately. It turns out that the energy of the low frequency part converges once the
initial data has finite energy; while additional assumptions are necessary to enforce
the convergence of the energy of the high frequency part. The Fourier splitting
approach is applied to establish the decay of the high frequency part. The main
results are stated as below.
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Theorem 1.1. Let pu, bq be a global smooth solution to (1.1) with ν “ 0 and µ ą 0.
Assume u0 P L2pR3q and b0 P L1pR3qXL2pR3q, and one of the two conditions holds:
piq u P L8p0,8;W 1´α, 3α pR3qq with α P r1{2, 1s;
piiq b P L8p0,8;W 1´α,8pR3qq and u P L8p0,8;W 1´α, 3α pR3qq with α P p0, 1s.
Then we have
lim
tÑ8
}bptq}22 “ 0, lim
tÑ8
}uptq}22 “ C
for some absolute constant C.
Theorem 1.2. Let pu, bq be a global smooth solution to (1.1) with µ “ 0, ν ą 0
and 0 ă β ď 1. Assume u0 P L1pR3q X L2pR3q and b0 P L2pR3q, and additionally
b P L8p0,8;W 1´β,8pR3qq. Then we have
lim
tÑ8
}uptq}22 “ 0, lim
tÑ8
}bptq}22 “ C
for some absolute constant C.
As stated in Theorem 1.1 for the inviscid resistive Hall-MHD system, we dis-
covered that if the velocity is bounded in W 1´α,
3
α pR3q, then the single diffusion
p´∆qαb with α ě 1
2
is enough to guarantee the convergence of the two energies
and thus prevent asymptotic energy oscillations. Furthermore, if both the velocity
and the magnetic field are bounded in some higher order Sobolev space, then the
single diffusion p´∆qαb with α ą 0 is sufficient to prevent the asymptotic energy
oscillations. As a contrast, for the viscous non-resistive Hall-MHD system in Theo-
rem 1.2, if the magnetic field b is bounded in W 1´β,8pR3q, then the single diffusion
p´∆qβu with β ą 0 is adequate to stave off such oscillations. We point out that
the additional assumptions are imposed to estimate the nonlinear terms in which
no cancelation exists.
In addition, we learned that no extra assumption is needed to estimate the Hall-
term in both cases, thanks to the cancelation in the flux
ş
R3
∇ˆpp∇ˆ bqˆ bq ¨ b dx.
Therefore, we have the following analogous results for the MHD system.
Corollary 1.3. Let pu, bq be a global smooth solution to the generalized inviscid
resistive MHD system (1.1) with η “ 0, ν “ 0 and µ ą 0. Assume u0 P L2pR3q and
b0 P L1pR3q X L2pR3q, and either (i) or (ii) in Theorem 1.1 holds. Then we have
lim
tÑ8
}bptq}22 “ 0, lim
tÑ8
}uptq}22 “ C
for some absolute constant C.
Corollary 1.4. Let pu, bq be a global smooth solution to the generalized viscous
non-resistive MHD system (1.1) with η “ 0, µ “ 0, ν ą 0 and 0 ă β ď 1. Assume
u0 P L1pR3qXL2pR3q and b0 P L2pR3q, and additionally b P L8p0,8;W 1´β,8pR3qq.
Then we have
lim
tÑ8
}uptq}22 “ 0, lim
tÑ8
}bptq}22 “ C
for some absolute constant C.
Remark 1.5. .
‚ Corollary 1.4 recovers the result in [2] when β “ 1.
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‚ The cancelation of nonlinear terms, as xu ¨∇u, uy “ 0, xu ¨∇b, by “ 0, and
x∇ ˆ pp∇ ˆ bq ˆ bq, by “ 0, play a crucial rule in the analysis. These can-
celations are valid for smooth solutions, which is the reason we work with
smooth solutions. In fact, it was shown in [11] that these cancelations are
also valid for solutions in “Onsager" space, that is, u P L3p0,8; 9B 13
3,c0
pR3qq
and b P L3p0,8; 9B 23
3,c0
pR3qq. Thus, the results in the theorems and corollar-
ies above hold for solutions pu, bq P L3p0,8; 9B 13
3,c0
pR3qqˆL3p0,8; 9B 23
3,c0
pR3qq
as well.
The rest of the paper is organized as follows: in Section 2 we introduce some
notations and establish certain generalized energy inequalities for low and high
frequency parts, as well as some auxiliary estimates to handle the high frequency
part; Section 3 and Section 4 are devoted to proving Theorem 1.1 and 1.2, re-
spectively. As explained above, the Hall term can be estimated without additional
assumptions, in light of which the proof of Corollary 1.3 and Corollary 1.4 will be
omitted.
2. Preliminaries
2.1. Notation. We denote by A À B an estimate of the form A ď CB with some
absolute constant C. We write } ¨ }p “ } ¨ }LppR3q for simplification; and x¨, ¨y stands
for the L2-inner product.
The Fourier transform of a function f is denoted by
fˆ “ f^ “ p2πq´n2
ż
Rn
e´iξ¨xfpxqdx,
and the inverse Fourier transform of a function ϕ is denoted by
ϕˇ “ p2πq´n2
ż
Rn
eix¨ξϕpξqdξ.
Various constants shall be denoted by C throughout the paper.
2.2. Generalized energy inequalities. We first recall that the following energy
equality holds for a regular solution of (1.1)
}uptq}22 ` }bptq}22 ` 2ν
ż t
0
}∇βupsq}22 ds` 2µ
ż t
0
}∇αbpsq}22 ds “ }up0q}22 ` }bp0q}22.
Thanks to the identity
p∇ˆ bq ˆ b “ b ¨∇b´∇b ¨ b
2
“ ∇ ¨ pb b bq ´∇ |b|
2
2
,
and the fact ∇ˆ p∇vq “ 0 for any function v, the Hall term can be rewritten as
∇ˆ pp∇ˆ bq ˆ bq “ ∇ˆ∇ ¨ pbb bq.
In the inviscid resistive case ν “ 0, µ ą 0, we take functions ϕpξq “ e´|ξ|2 and
ψpξq “ 1´ ϕpξq in the Fourier space. Obviously, ϕbˆ and ψbˆ represent the low and
high frequency parts of bˆ, respectively. It follows from Plancherel’s theorem that
}bptq}2 “ }bˆptq}2 ď }ϕbˆptq}2 ` }ψbˆptq}2.
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In the viscous non-resistive case ν ą 0, µ “ 0, we choose ϕpξ, tq “ e´|ξ|2βt and
ψpξ, tq “ 1 ´ ϕpξ, tq instead by abusively using the same letters, and split }uptq}2
as
}uptq}2 “ }uˆptq}2 ď }ϕptquˆptq}2 ` }ψptquˆptq}2.
In order to estimate these terms, we first establish certain generalized energy in-
equalities for the low and high frequency parts respectively.
Lemma 2.1. Assume µ ą 0. Choose function Eptq P C1pR;R`q with Eptq ě 0
and ϕpξq “ e´|ξ|2 , ψpξq “ 1 ´ ϕpξq. Then a weak solution pu, bq of (1.1) satisfies
the generalized energy inequalities,
}qϕ ˚ bptq}22
ď}e´µpt´sqp´∆qα qϕ ˚ bpsq}22 ´ 2 ż t
s
xu ¨∇bpτq, e´2µpτ´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy dτ
` 2
ż t
s
xb ¨∇upτq, e´2µpτ´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy dτ
´ 2
ż t
s
x∇ˆ p∇ ¨ pb b bqpτqq, e´2µp´∆qαpτ´sq qϕ ˚ qϕ ˚ bpsqy dτ,
(2.4)
Eptq}ψpbptq}22 ďEpsq}ψpbpsq}22 ´ 2µ ż t
s
Epτq}|ξ|αψpbpτq}22 dτ
`
ż t
s
E1pτq}ψpbpτq}22 dτ ´ 2 ż t
s
Epτqx{u ¨∇bpτq, ψ2pbpτqy dτ
` 2
ż t
s
Epτqx{b ¨∇upτq, ψ2pbpτqy dτ
´ 2
ż t
s
Epτqx∇ˆ p∇ ¨ pbˆ bqpτqq^, ψ2pbpτqy dτ.
(2.5)
Proof: The estimates will be established formally for classical solutions. Multi-
plying the second equation of 1.1 by e´2µpt´sqp´∆q
α qϕ ˚ qϕ ˚ bpsq and integrating over
R
3 yields
xbt, e´2µpt´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy ` µx∇b, e´2µpt´sqp´∆qα qϕ ˚ qϕ ˚∇bpsqy
` xu ¨∇b, e´2µpt´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy ´ xb ¨∇u, e´2µpt´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy
` x∇ˆ p∇ ¨ pbˆ bqq, e´2µpt´sqp´∆qα qϕ ˚ qϕ ˚ bpsqy “ 0.
We rewrite the first two terms as
1
2
d
dt
}e´µpt´sqp´∆qα qϕ ˚ bpsq}22 ´ xe´µpt´sq∆ qϕ ˚ bpsq, Bt ´e´µpt´sqp´∆qα qϕ¯ ˚ by
` µxe´µpt´sqp´∆qα qϕ ˚ bpsq, p´∆qα ´e´µpt´sqp´∆qα qϕ¯ ˚ by
“1
2
d
dt
}e´µpt´sqp´∆qα qϕ ˚ bpsq}22
which is obtained due to the fact Bt
`
e´µpt´sqp´∆q
α qϕ˘ “ ´µp´∆qα `e´µpt´sqp´∆qα qϕ˘.
Integrating the equation above over the time interval rs, ts produces (2.4).
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We take Fourier transform of the second equation in (1.1), multiply it by ψ2pbEptq,
and integrate over R3 to infer
1
2
d
dt
ż
R3
Eptq|ψpb|2 dξ ´ 1
2
ż
R3
E1ptq|ψpb|2 dξ ` µEptq ż
R3
|ξ|2α|ψpb|2 dξ
` Eptqx{u ¨∇b, ψ2pby ´ Eptqx{b ¨∇u, ψ2pby ` Eptqx∇ˆ p∇ ¨ pbˆ bqq^, ψ2pby “ 0.
Integrating the last equation over rs, ts yields (2.5).
l
Similar computation will yield the generalized energy inequalities for the velocity
u when ν ą 0.
Lemma 2.2. Assume ν ą 0. Choose function Eptq P C1pR;R`q with Eptq ě 0 and
ϕpξ, tq “ e´|ξ|2βt, ψpξ, tq “ 1´ϕpξ, tq. Then a weak solution pu, bq of (1.1) satisfies
the generalized energy inequalities,
}qϕ ˚ uptq}22
ď}e´νpt´sqp´∆qβ qϕ ˚ upsq}22 ´ 2 ż t
s
xu ¨∇upτq, e´2νpτ´sqp´∆qβ qϕ ˚ qϕ ˚ upsqy dτ
` 2
ż t
s
xb ¨∇bpτq, e´2νpτ´sqp´∆qβ qϕ ˚ qϕ ˚ upsqy dτ,
(2.6)
Eptq}ψptqpuptq}22
ďEpsq}ψpsqpupsq}22 ´ 2ν ż t
s
Epτq}|ξ|βψpupτq}22 dτ ` ż t
s
E1pτq}ψpupτq}22 dτ
´ 2ν
ż t
s
Epτqxψ1pτqpupτq, ψpupτqy dτ ´ 2 ż t
s
Epτqx{u ¨∇upτq, ψ2pupτqy dτ
` 2
ż t
s
Epτqx{b ¨∇bpτq, ψ2pupτqy dτ.
(2.7)
2.3. Auxiliary estimates. In order to establish the decay of the high frequency
parts, we need the following estimate for the Fourier transform of u and b.
Lemma 2.3. Let pu, bq be a mild solution to (1.1). Assume the initial data pu0, b0q
belongs to
`
L2pR3q˘2. If µ ą 0 and additionally b0 P L1pR3q, then we have
|bˆpξ, tq| À 1` 1` |ξ||ξ|2α´1 .
If ν ą 0 and additionally u0 P L1pR3q, then we have
|uˆpξ, tq| À 1` |ξ|1´2β .
Proof: Taking Fourier transform of the second equation in (1.1) yields
bˆt ` |ξ|2αbˆ “ Gpξ, tq
where
Gpξ, tq “ ´{u ¨∇b`{b ¨∇u´ p∇ˆ pp∇ˆ bq ˆ bqq^.
Thus, we have
bˆptq “ e´|ξ|2αtbˆp0q `
ż t
0
e´|ξ|
2αpt´sqGpξ, sqds.
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Recall the vector identity p∇ˆ bq ˆ b “ b ¨∇b´∇ |b|2
2
“ ∇ ¨ pbb bq ´∇ |b|2
2
and its
consequence ∇ˆ pp∇ˆ bq ˆ bq “ ∇ˆ p∇ ¨ pbb bqq, which yields
|Gpξ, sq| À
ÿ
i,j
´
|ξ||yuibj | ` |ξ|2|ybibj |¯
Àp|ξ|}u0}2}b0}2 ` |ξ|2}b0}22q
À|ξ|p1` |ξ|q.
It then follows that
|bˆpξ, tq| ď|bˆp0q| ` C|ξ|p1 ` |ξ|q
ż t
0
e´|ξ|
2αpt´sq ds
ďC}b0}1 ` C 1` |ξ||ξ|2α´1 p1´ e
´|ξ|2αtq À 1` 1` |ξ||ξ|2α´1 .
The estimate for uˆ can be established in a similar way.
l
At the end of this section, we introduce the fractional Sobolev inequality.
Lemma 2.4. [14] Let 0 ď k ă ℓ ď 1, 1 ď p ă q ă 8 satisfying ppℓ ´ kq ă n and
1
q
“ 1
p
´ ℓ´k
n
, then there exists a positive constant C “ Cpn, p, q, k, ℓq such that
}f}Wk,qpRnq ď C}f}W ℓ,ppRnq.
3. The inviscid resistive case ν “ 0, µ ą 0
In this section we show that for smooth solutions to the inviscid resistive Hall-
MHD system (1.1) in R3, the energy }bptq}22 vanishes eventually despite the lack of
velocity diffusion, provided uptq is bounded in W 1´α, 3α pR3q. We estimate the low
frequency part }ϕbˆptq}2 and high frequency part }ψbˆptq}2 separately.
Lemma 3.1. (Low frequency decay) Let pu, bq be a smooth solution to (1.1). As-
sume pu0, b0q P
`
L2pR3q˘2. For ϕ “ e´|ξ|2 , there holds
lim
tÑ8
}ϕbˆptq}2 “ 0.
Proof: The generalized energy inequality (2.4) implies
}qϕ ˚ bptq}22 ď}e´µpt´sqp´∆qα qϕ ˚ bptq}22
` 2
ż t
s
ˇˇˇ
xu ¨∇bpτq, e´2µpτ´sqp´∆qα qϕ ˚ qϕ ˚ bpsqyˇˇˇ dτ
` 2
ż t
s
ˇˇˇ
xb ¨∇upτq, e´2µpτ´sqp´∆qα qϕ ˚ qϕ ˚ bpsqyˇˇˇ dτ
` 2
ż t
s
ˇˇˇ
x∇ˆ p∇ ¨ pbb bqpτqq, e´2µp´∆qαpτ´sq qϕ ˚ qϕ ˚ bpsqyˇˇˇ dτ
:“I ` II ` III ` IV.
One can see immediately that
lim sup
tÑ8
I “ lim sup
tÑ8
}e´µ|ξ|2αpt´sqϕbˆpsq}22 “ 0.
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By Hölder, Hausdorf-Young and Sobolev inequalities, the facts that ϕ2 is a rapidly
decreasing function and }uptq}2 is bounded for all the time, we infer, for 2 ď p ď 8
with 1
p
` 1
p1
“ 1, and α P p0, 1sˇˇˇ
xu ¨∇bpτq, e´2µp´∆qαpτ´sq qϕ2 ˚ bpsqyˇˇˇ
“
ˇˇˇ
xξ {pub bqpτq, e´2µ|ξ|2αpτ´sqϕ2bˆpsqyˇˇˇ
“
ˇˇˇ
x{pub bqpτq, ξ1´αe´2µ|ξ|2αpτ´sqϕ2ξαbˆpsqyˇˇˇ
ď}{pub bqpτq}p}ξ1´αϕ2} 2p
p´2
}ξαe´2µ|ξ|2αpτ´sqbˆpsq}2
À}pub bqpτq}p1}ξαbˆpτq}2
À}upτq}2}bpτq} 2p
p´2
}∇αbpτq}2
À}upτq}2}∇αbpτq}22 À }∇αbpτq}22,
provided that p “ 3
α
in order to apply Sobolev’s inequality, which is compatible
with p ě 2 since α P p0, 1s. Applying similar strategy as above, it follows thatˇˇˇ
xb ¨∇upτq, e´2µp´∆qαpτ´sq qϕ2 ˚ bpsqyˇˇˇ À }∇αbpτq}22.
To handle the Hall term IV , we notice that }|ξ|2´αϕ2}p is finite for any p ą 1 and
α P p0, 1s, hence ˇˇˇ
x∇ˆ p∇ ¨ pb b bqqpτq, e´2µp´∆qαpτ´sq qϕ2 ˚ bpsqyˇˇˇ
“
ˇˇˇ
xξ ˆ pξ ¨ {pb b bqqpτq, e´2µ|ξ|2αpτ´sqϕ2bˆpsqyˇˇˇ
“
ˇˇˇ
xϕ2ξ´αξ ˆ pξ ¨ {pbb bqqpτq, e´2µ|ξ|2αpτ´sqξαbˆpsqyˇˇˇ
ď}|ξ|2´αϕ2}p}{pbb bqpτq} 2p
p´2
}ξαbˆpτq}2
À}bpτq}2}bpτq}p}∇αbpτq}2 À }∇αbpτq}22
provided that α “ 3
2
´ 3
p
and p ą 2 which is again compatible with α P p0, 1s.
Combining the last three inequalities yields
II ` III ` IV À
ż t
s
}∇αbpτq}22dτ.
Thanks to the fact that
ş8
0
}∇αbptq}22 dt is finite, it follows that
lim
tÑ8
pII ` III ` IV q ď lim
sÑ8
lim
tÑ8
ż t
s
}∇αbpτq}22dτ “ 0.
Therefore, we conclude
lim
tÑ8
}ϕpbptq}2 “ lim
tÑ8
}qϕ ˚ bptq}2 “ 0.
l
Lemma 3.2. (High frequency decay)Let pu, bq be a smooth solution to (1.1). As-
sume u0 P L2pR3q and b0 P L1pR3q X L2pR3q, and one of the two conditions holds:
piq u P L8p0,8;W 1´α, 3α pR3qq with α P r1{2, 1s;
piiq b P L8p0,8;W 1´α,8pR3qq and u P L8p0,8;W 1´α, 3α pR3qq with α P p0, 1s.
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Then
lim
tÑ0
}ψbˆptq}2 “ 0.
Proof: We start with estimating the last three integrals on the right hand side
of the generalized energy inequality (2.5), recalled here,
Eptq}ψpbptq}22 ďEpsq}ψpbpsq}22 ´ 2µ ż t
s
Epτq}|ξ|αψpbpτq}22 dτ ` ż t
s
E1pτq}ψpbpτq}22 dτ
` 2
ż t
s
Epτqx{b ¨∇upτq, ψ2pbpτqy dτ ´ 2 ż t
s
Epτqx{u ¨∇bpτq, ψ2pbpτqy dτ
´ 2
ż t
s
Epτqx∇ ˆ p∇ ¨ pbˆ bqpτqq^, ψ2pbpτqy dτ
:“J0 ` J1 ` J2 ` J3 ` J4 ` J5.
In order to estimate J3 where no cancelation presents, we need the additional
assumptions on u and b. First, we have by using Hölder’s inequality and Plancherel’s
theorem ż t
s
Epτq
ˇˇˇ
x{b ¨∇upτq, ψ2 bˆpτqyˇˇˇ dτ
“
ż t
s
Epτq
ˇˇˇ
xξ´αξ ¨ zbb upτq, ψ2ξαbˆpτqyˇˇˇ dτ
ď
ż t
s
Epτq}|ξ|1´αzbb upτq}2}ψ2ξαbˆpτq}2dτ
À
ż t
s
Epτq `}u∇1´αbpτq}2 ` }b∇1´αupτq}2˘ }∇αbpτq}2dτ.
If u P L8p0,8;W 1´α, 3α pR3qq, it follows from Hölder’s inequality and the fractional
Sobolev inequality in Lemma 2.4 that
}b∇1´αupτq}2 ď }b} 6
3´2α
}∇1´αu} 3
α
À }∇αb}2}∇1´αu} 3
α
.
If α ě 1
2
, then it follows from Hölder’s inequality and the Sobolev inequality that
}u∇1´αbpτq}2 ď }u} 3
2α´1
}∇1´αb} 6
5´4α
À }∇1´αu} 3
α
}∇αb}2.
While if b P L8p0,8;W 1´α,8pR3qq, }u∇1´αbpτq}2 can be also estimated as
}u∇1´αbpτq}2 ď }upτq}2}∇1´αbpτq}8.
As a conclusion, if u P L8p0,8;W 1´α, 3α pR3qq with 1
2
ď α ď 1, we haveż t
s
Epτqx{b ¨∇upτq, ψ2bˆpτqydτ
À
ż t
s
Epτq}∇1´αu} 3
α
}∇αbpτq}22dτ À
ż t
s
Epτq}∇αbpτq}22dτ ;
(3.8)
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If b P L8p0,8;W 1´α,8pR3qq and u P L8p0,8;W 1´α, 3α pR3qq with α P p0, 1s, we
have ż t
s
Epτqx{b ¨∇upτq, ψ2 bˆpτqydτ
À
ż t
s
Epτqp}∇αb}2}∇1´αu} 3
α
` }upτq}2}∇1´αbpτq}8q}∇αbpτq}2dτ
À
´ż t
s
Epτq2dτ
¯ 1
2
´ż t
s
}∇bpτq}22dτ
¯ 1
2 `
ż t
s
Epτq}∇αbpτq}22dτ.
(3.9)
To deal with J4, observing the cancelation xu ¨∇b, by “ 0 we have,
ż t
s
Epτq
ˇˇˇ
x{u ¨∇bpτq, ψ2bˆpτqyˇˇˇ dτ “ ż t
s
Epτq
ˇˇˇ
x{u ¨∇bpτq, pψ2 ´ 1qbˆpτqyˇˇˇ dτ
“
ż t
s
Epτq
ˇˇˇ
xzub bpτq, pψ2 ´ 1qx∇bpτqyˇˇˇ dτ
ď
ż t
s
Epτq}zu b bpτq} 3
α
}y∇αbpτq}2}|ξ|1´αpψ2 ´ 1q} 6
3´2α
dτ
Notice that ψ2´ 1 “ ´2e´|ξ|2 ` e´2|ξ|2 and }|ξ|1´αpψ2´ 1q}p is finite for any p ą 1
and α ď 1, we continue the estimate as
ż t
s
Epτq
ˇˇˇ
x{u ¨∇bpτq, ψ2 bˆpτqyˇˇˇ dτ À ż t
s
Epτq}upτq}2}bpτq} 6
3´2α
}∇αbpτq}2dτ
À
ż t
s
Epτq}∇αbpτq}22dτ
where we apply Sobolev’s inequality to obtain the last step. Again, utilizing the
cancelation x∇ ˆ pp∇ ˆ bq ˆ bq, by “ 0 and the fact }|ξ|2´αpψ2 ´ 1q}p is finite for
p ą 1, J5 can be estimated as
ż t
s
Epτq
ˇˇˇ
xr∇ˆ p∇ ¨ pbb bqqs^, ψ2bˆypτq
ˇˇˇ
dτ
“
ż t
s
Epτq
ˇˇˇ
xr∇ˆ p∇ ¨ pbb bqqs^, pψ2 ´ 1qbˆypτq
ˇˇˇ
dτ
“
ż t
s
Epτq
ˇˇˇ
xpψ2 ´ 1qξ´αr∇ˆ p∇ ¨ pbb bqqs^, ξαbˆypτq
ˇˇˇ
dτ
À
ż t
s
Epτq}|ξ|2´αpψ2 ´ 1q} 6
3´2α
}{pbb bqpτq} 3
α
}y∇αbpτq}2dτ
À
ż t
s
Epτq}bpτq}2}bpτq} 6
3´2α
}∇αbpτq}2dτ
À
ż t
s
Epτq}∇αbpτq}22dτ.
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If b P L8p0,8;W 1´α,8pR3qq and u P L8p0,8;W 1´α, 3α pR3qq with α P p0, 1s, com-
bining (2.5), (3.9) and the last three inequalities yields
}ψpbptq}22 ďEpsqEptq }ψpbpsq}22 ´ 2µ
ż t
s
Epτq
Eptq }|ξ|
αψpbpτq}22 dτ ` ż t
s
E1pτq
Eptq }ψ
pbpτq}22 dτ
`
ż t
s
Epτq
Eptq }∇
αbpτq}22dτ `
1
Eptq
´ ż t
s
Epτq2dτ
¯ 1
2
´ ż t
s
}∇αbpτq}22dτ
¯ 1
2
;
(3.10)
If u P L8p0,8;W 1´α, 3α pR3qq with 1
2
ď α ď 1, combining (2.5), (3.8) and the these
estimates for J3, J4, J5 yields
}ψpbptq}22 ďEpsqEptq }ψpbpsq}22 ´ 2µ
ż t
s
Epτq
Eptq }|ξ|
αψpbpτq}22 dτ
`
ż t
s
E1pτq
Eptq }ψ
pbpτq}22 dτ ` ż t
s
Epτq
Eptq }∇
αbpτq}22dτ.
We only need to take care of (3.10) for the obvious reason. We will apply Fourier
splitting approach to handle the second and third terms on the right hand of (3.10).
Denote the ball Bptq “ tξ P R3 : |ξ| ď Gptqu, where the radius Gptq will be
determined later. Then we infer
´ 2µ
ż t
s
Epτq
Eptq }|ξ|
αψpbpτq}22 dτ ` ż t
s
E1pτq
Eptq }ψ
pbpτq}22 dτ
ď´ 2µ
ż t
s
Epτq
Eptq
ż
Bcptq
||ξ|αψpbpτq|2 dξ dτ ` ż t
s
E1pτq
Eptq
ż
Bcptq
|ψpbpτq|2 dξ dτ
`
ż t
s
E1pτq
Eptq
ż
Bptq
|ψpbpτq|2 dξ dτ
ď
ż t
s
E1pτq ´ 2µEpτqG2αpτq
Eptq
ż
Bcptq
|ψpbpτq|2 dξ dτ ` ż t
s
E1pτq
Eptq
ż
Bptq
|ψpbpτq|2 dξ dτ
Take
Eptq “ eεt, and Gptq “ p ε
2µ
q 12α ,
which indicates that E1ptq ´ 2µEptqG2αptq “ 0. Therefore, it follows from (3.10)
}ψpbptq}22 ďEpsqEptq }ψpbpsq}22 `
ż t
s
E1pτq
Eptq
ż
Bptq
|ψpbpτq|2 dξ dτ
`
ż t
s
Epτq
Eptq }∇
αbpτq}22dτ `
1
Eptq
´ ż t
s
Epτq2dτ
¯ 1
2
´ ż t
s
}∇αbpτq}22dτ
¯ 1
2
;
By Lemma 2.3 we can bound the second term, since ψ2 ď 1,ż
Bptq
ˇˇˇ
ψbˆpτq
ˇˇˇ2
dξ À
ż
Bptq
´
1` 1|ξ|2α´1
¯2
dξ À
ż
Bptq
´
1` 1|ξ|4α´2
¯
dξ
À
ż Gptq
0
p1 ` r2´4αqr2dr À ε 32α ` ε 5´4α2α .
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Thus, the estimate is continued as
}ψbˆptq}22 ď
Epsq
Eptq }ψbˆpsq}
2
2 `
C
eεt
´e2εt
2ε
¯ 1
2
´ ż t
s
}∇αbpτq}22dτ
¯ 1
2
` C
Eptq
ż t
s
Epτq}∇αbpτq}22dτ ` Cpε
3
2α ` ε 5´4α2α q
with various constants C which are independent of t, s and ε. Now, we first pass
the limit tÑ8,
lim
tÑ8
}ψbˆptq}22 ď lim
tÑ8
Epsq
Eptq }ψbˆpsq}
2
2 ` lim
tÑ8
C?
ε
´ż t
s
}∇αbpτq}22dτ
¯ 1
2
` lim
tÑ8
C
Eptq
ż t
s
Epτq}∇αbpτq}22dτ ` Cpε
3
2α ` ε 5´4α2α q
ď lim
tÑ8
eεps´tq}b0}22 `
C?
ε
´ż 8
s
}∇αbpτq}22dτ
¯ 1
2
` C
ż 8
s
}∇αbpτq}22dτ ` Cpε
3
2α ` ε 5´4α2α q
ďCpε 32α ` ε 5´4α2α q ` C?
ε
´ ż 8
s
}∇αbpτq}22dτ
¯ 1
2 ` C
ż 8
s
}∇αbpτq}22dτ ;
and then pass the limit sÑ8,
lim
tÑ8
}ψbˆptq}22
ď lim
sÑ8
˜
Cpε 32α ` ε 5´4α2α q ` C?
ε
´ż 8
s
}∇αbpτq}22dτ
¯ 1
2 ` C
ż 8
s
}∇αbpτq}22dτ
¸
ďCpε 32α ` ε 5´4α2α q.
Since ε ą 0 can be chosen arbitrarily small, it implies that lim
tÑ8
}ψbˆptq}2 “ 0.
l
Proof of Theorem 1.1: Combining Lemma 3.1 and Lemma 3.2 yields
lim
tÑ8
}bptq}22 “ 0.
This convergence along with the basic energy law implies lim
tÑ8
}uptq}22 “ C for a
constant C.
4. The viscous non-resistive case ν ą 0, µ “ 0
In this section we show that }uptq}2 converges to zero in the viscous non-resistive
case ν ą 0, µ “ 0 and β ą 0, provided b is bounded inW 1´α,8pR3q.We estimate the
low frequency part }ϕptquˆptq}2 and high frequency part }p1´ϕptqquˆptq}2 separately,
by taking ϕptq “ e´|ξ|2βt.
Lemma 4.1. (Low frequency decay) Let pu, bq be a smooth solution to (1.1) with
ν ą 0 and µ “ 0. Assume pu0, b0q P
`
L2pR3q˘2. For ϕptq “ e´|ξ|2βt, there holds
lim
tÑ8
}ϕptquˆptq}2 “ 0.
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Proof: The generalized energy inequality (2.6) implies
}qϕ ˚ uptq}22 ď}e´νpt´sqp´∆qβ qϕ ˚ uptq}22
` 2
ż t
s
ˇˇˇ
xu ¨∇upτq, e´2νpτ´sqp´∆qβ qϕ ˚ qϕ ˚ upsqyˇˇˇ dτ
` 2
ż t
s
ˇˇˇ
xb ¨∇bpτq, e´2νpτ´sqp´∆qβ qϕ ˚ qϕ ˚ upsqyˇˇˇ dτ
:“I ` II ` III.
One can see immediately that
lim sup
tÑ8
I “ lim sup
tÑ8
}e´ν|ξ|2βpt´sqϕpsquˆpsq}22 “ 0.
By Hölder, Hausdorf-Young and Sobolev inequalities, the facts that ϕ2ptq is a
rapidly decreasing function of |ξ| and }uptq}2 is bounded for all the time, we infer,
for β P p0, 1s ˇˇˇ
xu ¨∇upτq, e´2νp´∆qβpτ´sq qϕ2 ˚ upsqyˇˇˇ
“
ˇˇˇ
xξ {pub uqpτq, e´2ν|ξ|2βpτ´sqϕ2uˆpsqyˇˇˇ
“
ˇˇˇ
x {pub uqpτq, ξ1´βe´2ν|ξ|2βpτ´sqϕ2ξαuˆpsqyˇˇˇ
ď} {pub uqpτq} 3
β
}ξ1´βϕ2} 6
3´2β
}ξβe´2ν|ξ|2βpτ´squˆpsq}2
À}pub uqpτq} 3
3´β
}ξβuˆpτq}2
À}upτq}2}upτq} 6
3´2β
}∇βupτq}2
À}upτq}2}∇βupτq}22 À }∇βupτq}22.
Applying similar strategy as above, it follows thatˇˇˇ
xb ¨∇bpτq, e´2νp´∆qβpτ´sq qϕ2 ˚ upsqyˇˇˇ
“
ˇˇˇ
xξ1´βϕ2 {pbb bqpτq, e´2ν|ξ|2βpτ´sqξβ uˆpsqyˇˇˇ
ď}{pbb bqpτq}8}ξϕ2pτq}2}e´2ν|ξ|2βpτ´squˆpsq}2
À}pbb bqpτq}1}ξϕ2pτq}2}uˆpτq}2
À}bpτq}22}ξϕ2pτq}2}upτq}2 À }ξϕ2pτq}2.
Combining the last two inequalities yields
II ` III À
ż t
s
}∇βupτq}22dτ `
ż t
s
}ξϕ2pτq}2dτ.
Straightforward computation shows that
}ξϕ2pτq}22 “
ż
R3
|ξ|2e´4|ξ|2βτ dξ À
ż 8
0
r4e´4r
2βτ dr
“τ´ 52β
ż 8
0
w4e´4w
2β
dw À τ´ 52β .
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Together with the fact that
ş8
0
}∇βuptq}22 dt is finite due to the basic energy law, it
follows
lim
tÑ8
pII ` IIIq ď lim
sÑ8
lim
tÑ8
ż t
s
´
}∇βupτq}22 ` τ´
5
4β
¯
dτ “ 0, for 0 ă β ď 1.
Therefore, we conclude
lim
tÑ8
}ϕptqpuptq}2 “ lim
tÑ8
}qϕptq ˚ uptq}2 “ 0.
l
Lemma 4.2. (High frequency decay)Let pu, bq be a smooth solution to (1.1). As-
sume that u0 P L1pR3q XL2pR3q, b0 P L2pR3q and b P L8p0,8;W 1´α,8pR3qq, then
for ψptq “ 1´ e´|ξ|2βt
lim
tÑ0
}ψptquˆptq}2 “ 0.
Proof: We start with estimating the last three integrals on the right hand side
of the generalized energy inequality (2.7), recalled here,
Eptq}ψptqpuptq}22
ďEpsq}ψpsqpupsq}22 ´ 2ν ż t
s
Epτq}|ξ|βψpτqpupτq}22 dτ ` ż t
s
E1pτq}ψpτqpupτq}22 dτ
´ 2ν
ż t
s
Epτqxψ1pτqpupτq, ψpτqpupτqy dτ ` 2 ż t
s
Epτqx{b ¨∇bpτq, ψ2pτqpupτqy dτ
´ 2
ż t
s
Epτqx{u ¨∇upτq, ψ2pτqpupτqy dτ
:“J0 ` J1 ` J2 ` J3 ` J4 ` J5.
Recalling that ψptq “ 1´ e´|ξ|2βt and ψ1 “ |ξ|2βϕ, J3 can be estimated asż t
s
Epτq ˇˇxψ1pτqpupτq, ψpτqpupτqyˇˇ dτ
“
ż t
s
Epτq ˇˇx|ξ|2βϕpτqpupτq, ψpτqpupτqyˇˇ dτ
ď
ż t
s
Epτq}∇βupτq}22 dτ.
(4.11)
In order to estimate J4 where no cancelation presents, we need the additional
assumptions on u and b. First, we have by using Hölder’s inequality and Plancherel’s
theoremż t
s
Epτq
ˇˇˇ
x{b ¨∇bpτq, ψ2uˆpτqyˇˇˇ dτ “ ż t
s
Epτq
ˇˇˇ
xξ´βξ ¨zbb bpτq, ψ2ξβ uˆpτqyˇˇˇ dτ
ď
ż t
s
Epτq}|ξ|1´βzb b bpτq}2}ψ2ξβ uˆpτq}2dτ
À
ż t
s
Epτq}b∇1´βbpτq}2}∇βupτq}2dτ
À
ż t
s
Epτq}b}2}∇1´βbpτq}8}∇βupτq}2dτ
À
ż t
s
Epτq}∇βupτq}2dτ
(4.12)
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provided b P L8p0,8;W 1´β,8pR3qq. To deal with J5, observing the cancelation
xu ¨∇u, uy “ 0 we have,ż t
s
Epτq
ˇˇˇ
x{u ¨∇upτq, ψ2uˆpτqyˇˇˇ dτ “ ż t
s
Epτq
ˇˇˇ
x{u ¨∇upτq, pψ2 ´ 1quˆpτqyˇˇˇ dτ
“
ż t
s
Epτq
ˇˇˇ
x{ub upτq, pψ2 ´ 1qx∇upτqyˇˇˇ dτ
ď
ż t
s
Epτq}{u b upτq} 3
β
}z∇βupτq}2}|ξ|1´βpψ2 ´ 1q} 6
3´2β
dτ
Notice that ψ2 ´ 1 “ ´2e´|ξ|2βt ` e´2|ξ|2βt and }|ξ|1´βpψ2 ´ 1q}p is finite for any
p ą 1 and β ď 1, we continue the estimate asż t
s
Epτq
ˇˇˇ
x{u ¨∇upτq, ψ2uˆpτqyˇˇˇ dτ À ż t
s
Epτq}upτq}2}upτq} 6
3´2β
}∇βupτq}2dτ
À
ż t
s
Epτq}∇βupτq}22dτ
(4.13)
where we apply Sobolev’s inequality to obtain the last step.
Combining (2.7) and (4.11)-(4.13) yields
}ψpuptq}22 ďEpsqEptq }ψpupsq}22 ´ 2ν
ż t
s
Epτq
Eptq }|ξ|
βψpupτq}22 dτ ` ż t
s
E1pτq
Eptq }ψpupτq}22 dτ
`
ż t
s
Epτq
Eptq }∇
βupτq}22dτ `
1
Eptq
´ż t
s
Epτq2dτ
¯ 1
2
´ż t
s
}∇βupτq}22dτ
¯ 1
2
which has the same form of (3.10). Therefore, we can apply the same Fourier
splitting strategy to obtain that lim
tÑ8
}ψuˆptq}2 “ 0.
l
Thus the statement of Theorem 1.2 follows from the two lemmas above and the
basic energy equality.
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